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Abstract
The nonlocal symmetry of the generalized fifth order KdV equation (FOKdV) is first obtained
by using the related Lax pair and then localized in a new enlarged system by introducing some
new variables. On this basis, new Ba¨cklund transformation is obtained through Lie’s first theorem.
Furthermore, the general form of Lie point symmetry for the enlarged FOKdV system is found
and new interaction solutions for the FOKdV equation are explored by using classical symmetry
reduction method.
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I. INTRODUCTION
In nonlinear science, many effective methods, including Hirota’s bilinear method[1, 2],
Darboux transformations (DT) and the Ba¨cklund transformations (BT)[3, 4], inverse scat-
tering transformation (IST)[5, 6], symmetry analysis[7–13] etc., have been developed to study
integrable nonlinear systems. Usually, using these methods one can obtain multiple-soliton
solutions and many kinds of nonlinear waves such as the conoidal periodic waves, Painleve´
waves. However, the interaction solutions between solitons and nonlinear waves are hard to
be obtained by these traditional methods. Recently, Lou and his colleagues proposed the
localization procedure to use nonlocal symmetry for finding interaction solutions and got
many interesting results[14, 15].
As we known, using Lie point symmetries of a differential system, one can transform
given solutions to new ones via finite transformation and construct group invariant solutions
by similarity reductions. Unfortunately, nonlocal symmetry can not be used directly to
construct exact solutions for nonlinear systems. To concur that obstacle, one needs to
introduce more dependent variables to localize it in a new closed system. In this paper, we
apply the localization procedure to construct exact solutions for the famous generalized fifth
order KdV equation (FOKdV) in the form
ut − 2c
3
uxxxxx +
20c
3
uuxxx +
40c
3
uxuxx − 20cu2ux = 0, (1)
with c as an arbitrary constant.
The paper is organized as follows. The Lax pair related nonlocal symmetry of the FOKdV
equation is obtained in section 2 and it is further localized in a new prolonged system by
introducing multiple new variables in section 3. On this basis, the finite group transformation
theorem is also found by using Lie’s first principle. In section 4, the general form of Lie point
symmetry group for the enlarged FOKdV system is obtained and the similarity reduction
solutions are explored by using the classical symmetry approach. The last section is devoted
to a short summary and discussion.
II. NONLOCAL SYMMETRY OF FOKDV EQUATION
It is well known that the FOKdV equation possesses the Lax pair
φxx − uφ = 0, (2)
2
φt − 2c(1
3
uxxx − 2uux)φ+ 4c(1
3
uxx − u2)φx = 0, (3)
which means the consistent condition φxt = φtx produces the FOKdV equation (1).
A symmetry σu of the FOKdV equation is defined as a solution of its linearized equation
σu,t−2c
3
σu,xxxxx+
20c
3
σuuxxx+
20c
3
uσu,xxx+
40a
3
σu,xuxx+
40c
3
uxσu,xx−40cuuxσu−20cu2σu,x = 0
(4)
that means Eq. (1) is form invariant under the transformation
u→ u+ ǫσu
To seek the nonlocal symmetry of the FOKdV equation related with the Lax pair, we
write σu in the form
σu = X(x, t, u, φ, φx)ux + T (x, t, u, φ, φx)ut − U(x, t, u, φ, φx). (5)
Substituting Eq. (5) into Eq. (4) and eliminating ut, φxx and φt by Eqs. (1), (2), (3), we
obtain the determining equations for the function X, T and U . Calculated by computer, the
final result is
σu = (
d1
5
x+ d4)ux + (d1t + d2)ut +
2d1
5
u− d3φφx, (6)
where di(i = 1 · · ·4) are arbitrary constants.
It can be seen from Eq. (6) that not only the Lax pair related symmetry but also the Lie
point symmetry can be obtained by this method.
III. LOCALIZATION OF THE LAX PAIR RELATED SYMMETRY AND THE
BA¨CKLUND TRANSFORMATION
The nonlocal Lax pair related symmetry of the FOKdV equation can now be easily
obtained by setting d1 = d2 = d4 = 0, the result is
σu = −d3φφx. (7)
Apparently, the nonlocal symmetry (7) can not be used directly to construct explicit
solutions for the FOKdV equation. To localize it, we need to introduce new dependent
variable
φ1 ≡ φx. (8)
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So the system is prolonged and the corresponding symmetry equations are
σφ,x − σφ1 = 0, (9a)
σφ,xx − σuφ− uσφ = 0, (9b)
σφ,t − 2c
3
σφuxxx − 2c
3
φσu,xxx + 4cσφuux + 4cφσuux + 4cφuσu,x
+
4c
3
σφ,xuxx +
4c
3
φxσu,xx − 4cσφ,xu2 − 8cφxuσu = 0 (9c)
It can be easily verified that the solutions of (9) has the form
σu = 2φφ1, (10a)
σφ =
1
2
φp, (10b)
σφ1 =
1
2
(φ1p+ φ
3), (10c)
where the new variable p is introduced as
px = φ
2, (11)
with compatibility condition
pt =
4c
3
(φ2uxx − 4φφ1ux + 4φ21u− φ2u2). (12)
Solving the symmetry equation of (11)
σp,x − 2φσφ = 0, (13)
with (10), we get the symmetry for p
σp =
1
2
p2. (14)
The form of σp in (14) indicates that p is a solution of Schwarzian form of the FOKdV
equation
3c{p; x}2 + 2c{p; x}xx − 3 pt
px
= 0, (15)
with the Schwarzian derivative {p; x} = pxxx
px
− 3
2
p2
xx
p2
x
.
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The results (10) and (14) indicate that the Lax pair related nonlocal symmetry (7) is
successfully localized in the new enlarged system (1), (2), (3), (8) and (11) and the corre-
sponding Lie point symmetry vector takes the form
V = 2φφ1∂u +
1
2
φp∂φ +
1
2
(φ1p+ φ
3)∂φ1 +
1
2
p2∂p. (16)
Now, let us study the finite transformation group corresponding to the Lie point symmetry
(16), which can be stated in the following theorem.
Theorem 1. If {u, φ, φ1, p} is a solution of the prolonged system (1), (2), (3), (8) and
(11), then so is {uˆ, φˆ, φˆ1, pˆ} with
pˆ = − 2p
ǫp− 2 , (17a)
φˆ = − 2φ
ǫp− 2 , (17b)
φˆ1 =
2ǫφ3
(ǫp− 2)2 −
2φ1
ǫp− 2 , (17c)
uˆ = u+
2ǫ2φ4
(ǫp− 2)2 −
4ǫφ1φ
ǫp− 2 , (17d)
with arbitrary group parameter ǫ.
Proof: Using Lie’s first theorem on vector (16) with the corresponding initial condition
as follows
(18)
dpˆ(ǫ)
dǫ
=
1
2
pˆ(ǫ)2, pˆ(0) = p, (19)
dφˆ(ǫ)
dǫ
=
1
2
φˆ(ǫ)pˆ(ǫ), φˆ(0) = φ, (20)
dφˆ1(ǫ)
dǫ
=
1
2
(φˆ1(ǫ)pˆ(ǫ) + φˆ(ǫ)
3), φˆ1(0) = φ1, (21)
duˆ(ǫ)
dǫ
= 2φˆ1(ǫ)φˆ(ǫ), uˆ(0) = u. (22)
one can easily obtain the solutions of the above equations stated in Theorem 1, thus the
theorem is proved.
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IV. NEW SYMMETRY REDUCTIONS OF THE FOKDV EQUATION
For the prolonged closed system (1), (2), (3), (8) and (11), we seek the general Lie point
symmetry in the form
V = X
∂
∂x
+ T
∂
∂t
+ U
∂
∂u
+ Φ
∂
∂φ
+ Φ1
∂
∂φ1
+ P
∂
∂p
, (23)
which means that the prolonged system is invariant under the following transformation
{x, t, u, ψ, φ, ψ1, φ1, p} → {x+ ǫX, t + ǫT, u+ ǫU, φ+ ǫΦ, φ1 + ǫΦ1, p+ ǫP}, (24)
with the infinitesimal parameter ǫ. Equivalently, the symmetry in the form (23) can be
written as a function form
σu = Xux + Tut − U, (25a)
σφ = Xφx + Tφt − Φ, (25b)
σφ1 = Xφ1x + Tφ1t − Φ1. (25c)
σp = Xpx + Tpt − P. (25d)
Substituting Eq. (25) into Eqs. (4), (9), (13) and eliminating ut, px, φt, φ1t in terms
of the prolonged system, we get more than 100 determining equations for the functions
X, T, U,Φ,Φ1 and P . Calculated by computer algebra, we finally get the desired result
X =
c1
5
x+ c4, T = c1t+ c2, U = −2c1
5
u+ c3φ1φ, Φ =
1
2
φ(
c3
2
p+ c5 − c1
5
),
Φ1 = φ1(−3c1
10
+
c3
4
p+
c5
2
) +
c3
4
φ3, P =
c3
4
p2 + c5p+ c6, (26)
with arbitrary constants c1, c2, c3, c4, c5, c6. When c3 = 2 and c1 = c2 = c4 = c5 = c6 = 0, the
obtained symmetry degenerated into the special form in Eqs. (10) and (14). Consequently,
the symmetries in (25) can be written explicitly as
σu = (
c1
5
x+ c4)ux + (c1t+ c2)ut +
2c1
5
u− c3φ1φ,
σφ = (
c1
5
x+ c4)φx + (c1t+ c2)φt − 1
2
φ(
c3
2
p+ c5 − c1
5
),
σφ1 = (
c1
5
x+ c4)φ1,x + (c1t+ c2)φ1,t − φ1(−3c1
10
+
c3
4
p+
c5
2
)− c3
4
φ3,
σp = (
c1
5
x+ c4)px + (c1t + c2)pt − c3
4
p2 − c5p− c6.
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It can be seen from Eq. (27) that the c3-related symmetry is just the Lie point symmetry
(10) and (14) obtained in the last section.
To give the group invariant solutions of the enlarged system, we have to solve the equa-
tions (27) under symmetry constraints σu = σφ = σφ1 = σp = 0, which is equivalent to
solving the corresponding characteristic equation
dx
X
=
dt
T
=
du
U
=
dφ
Φ
=
dφ1
Φ1
=
dp
P
. (27)
Without loss of generality, we consider the nontrivial symmetry reductions (c3 6= 0) in
the following two cases:
Case 1. ci 6= 0 (i=1, 2, 3, 4, 5, 6).
Firstly, we make the transformations c3 → c1c3, c5 → c1c5, c6 → −c1c6 and denote δ =√
c6c3 + c25 for computing simplicity. When δ 6= 0, solving equation (27), we have
p = − 2
c3
[
c5 + tanh(
1
2
δ(ln(c1t + c2) + c1P ))δ
]
, (28)
φ = (c1t+ c2)
(− 1
10
) exp(− 1
10
c1P )Φ sech(
1
2
δ(ln(c1t + c2) + c1P )), (29)
φ1 = − 1
δ[exp[δ(ln(c1t + c2) + c1P )] + 1]
(c1t + c2)
(− 3
10
) exp(− 3
10
c1P )
[−δ(exp(δ(ln(c1t + c2) + c1P )) + 1)Φ1 + Φ3c3] sech(1
2
δ(ln(c1t+ c2) + c1P )), (30)
u =
1
(c1t+ c2)
( 2
5
)δ2(exp(δ(ln(c1t+ c2) + c1P )) + 1)2
{
2c23Φ
4 exp(−2c1
5
P )
−4c3Φ1δ[exp(−2c1
5
P ) + (c1t + c2)
δ exp(
c1
5
P (−2 + 5δ))]Φ
+δ2[2 exp(δ(ln(c1t + c2) + Pc1)) + 1 + exp(2δ(ln(c1t + c2) + Pc1))]U
}
. (31)
Here, P , Φ, Φ1 and U are all group invariant functions with group invariant variable ξ =
(c1x+5c4)
(c1t+c2)
1
5 c1
.
To get the symmetry reduction equations, we substitute Eqs. (28)-(30) into Eqs. (2), (8)
and (11) to find
Pξc1δ
2 + Φ2 exp(−c1
5
P )c3 = 0, (32)
c3(1 + 5δ)Φ
3 + 10Φξδ
2 exp(
c1
5
P )− 10Φ1δ2 = 0, (33)
and
5Φ2c3Φ1δ exp(− 3
10
c1P )− 10ΦUδ2 exp( 1
10
c1P ) + 10 exp(− 1
10
c1P )Φ1,ξδ
2
+ 3Φ2c3Φ1 exp(− 3
10
c1P ) = 0, (34)
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where P satisfied the five-order ordinary differential equation
15c41cδ
4P 8ξ − 100c21cδ2PξξξP 5ξ + (50c21cδ2P 2ξξ + 12c1ξ)P 4ξ + (−60 + 40cPξξξξξ)P 3ξ
− (200cPξξξξPξξ + 100cP 2ξξξ)P 2ξ + 500cPξξξP 2ξξPξ − 225cP 4ξξ = 0. (35)
It is clearly that when P is solved out from equation (35) new group invariant solutions
of the FOKdV equation (1) would be immediately obtained through Eq. (31), where Φ,
Φ1 and U can be solved out from Eqs. (32), (33) and (34). The entrance of tanh part in
(28) indicates that the interaction solution between nonlinear waves and solitons can thus
be obtained. This type of interaction solutions are hard to be obtained by other approaches.
When δ = 0, repeating the similar steps as above, we get the explicit solutions for the
FOKdV equation as
u =
1
4P 2ξ (ln(c1t+ c2) + Pc1)
2(c1t + c2)
2
5
[
8P 4ξ c
2
1 − 8c1(ln(c1t+ c2) + Pc1)PξξP 2ξ
+ 2(ln(c1t+ c2) + Pc1)
2PξξξPξ − (ln(c1t+ c2) + Pc1)2P 2ξξ
]
, (36)
with P satisfies the following equation
12P 4ξ ξc1+(−60+40cPξξξξξ)P 3ξ+(−200cPξξξξPξξ−100cP 2ξξξ)P 2ξ +500cPξξξP 2ξξPξ−225cP 4ξξ = 0.
(37)
Case 2. ci 6= 0 (i=2, 3, 4, 5, 6) and c1 = 0.
In this case, with out of generality, we make the transformations c6 → −c6 for computing
simplicity. When δ 6= 0, following the similar procedure as in case1, we obtain the symme-
try reduction solutions and corresponding symmetry reduction equations. Omitting these
details, we give the final solution for the FOKdV equation
u =
1
4P 2z c
2
2(exp(
δ
c2
(t+ P )) + 1)2
[− δ2(6 exp( δ
c2
(t+ P ))− exp(2δ
c2
(t+ P ))− 1)P 4z
− 4c2δ(−1 + exp(2δ
c2
(t+ P )))PzzP
2
z + 2c
2
2(exp(
2δ
c2
(t+ P )) + 2 exp(
δ
c2
(t+ P )) + 1)PzzzPz
− c22(exp(
2δ
c2
(t+ P )) + 2 exp(
δ
c2
(t+ P )) + 1)P 2zz
]
, (38)
where z = c2x−tc4
c2
is the group invariant variable and the invariant function P satisfies
3cP 8z δ
4 − 20δ2cc22PzzzP 5z + (12c32c4 + 10δ2cc22P 2zz)P 4z + (8cPzzzzzc42 − 12c42)P 3z
+ (−20cP 2zzzc42 − 40cPzzzzc42Pzz)P 2z + 100cPzPzzzc42P 2zz − 45cP 4zzc42 = 0. (39)
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When δ = 0, similar to the above case, we obtain exact solutions for the FOKdV equation,
which reads
u =
1
4c22P
2
z (exp(
√
2c5
c2
(t+ P )) + 1)2
[
2c25(−6 exp(
√
2c5
c2
(t + P ))
+ exp(
2
√
2c5
c2
(t+P ))+1)P 4z −4c5
√
2c2(exp(
√
2c5
c2
(t+P ))−1)(exp(
√
2c5
c2
(t+P ))+1)PzzP
2
z
+ 2c22(exp(
√
2c5
c2
(t + P )) + 1)2PzzzPz − c22(exp(
√
2c5
c2
(t+ P )) + 1)2P 2zz
]
, (40)
with P satisfying the following reduction equation
12cP 8z c
4
5 − 40cP 5z c25Pzzzc22 + (20cc25P 2zzc22 + 12c32c4)P 4z + (8cPzzzzzc42 − 12c42)P 3z
+ (−20cP 2zzzc42 − 40cPzzzzc42Pzz)P 2z + 100cPzPzzzc42P 2zz − 45cP 4zzc42 = 0. (41)
V. CONCLUSION AND DISCUSSION
In summary, the Lax pair related nonlocal symmetry has been obtained and used for
deriving new exact solutions for the FOKdV equation. For that end, multiple new depen-
dent variables were introduced to localize it in a new enlarged system. On this basis, new
Ba¨cklund transformation is obtained by using Lie’s first theorem, from which new exact
solutions can be derived from trivial seed solutions. Moreover, the general form of Lie point
symmetry for the enlarged FOKdV system, which includes the localized Lax pair related
nonlocal symmetry as a special case, is successfully obtained and the corresponding sym-
metry reduction solutions were explored. Two cases of symmetry reductions were obtained,
from which new interaction solutions for the FOKdV equation could be obtained.
In this paper, we have shown that nonlocal symmetry can be used for constructing new
exact solutions of the FOKdV equation, so it would be meaningful to get as much nonlocal
symmetries as possible. Besides the method using Lax pair to derive nonlocal symmetries,
there exist some other methods to obtain nonlocal symmetries, such as those obtained from
Ba¨cklund transformation[17], the bilinear forms and negative hierarchies, the nonlineariza-
tions [18, 19] and self-consistent sources [20] etc. Using these various nonlocal symmetries to
construct new interaction solutions for integrable systems deserves more deep investigation.
9
Acknowledgments
This work was supported by the National Natural Science Foundation of China under
Grant Nos. 11347183, 11405110, 11275129 and 11305106, the Natural Science Foundation
of Zhejiang Province of China Grant Nos. Y7080455 and LQ13A050001.
[1] R. Hirota 1971 Phys. Rev. Lett. 27 1192
[2] X. B. Hu and H.Y. Wang 2006 Inver. Prob. 22 1903
[3] C. H. Gu, H. Hu and Z. X. Zhou, Darboux Transformations in Integrable Systems Theory
and their Applications to Geometry, Series: Mathematical Physics Studies, Vol. 26 (Springer,
Dordrecht, 2005);
[4] C. Rogers and W. K. Schief, Ba¨cklund and Darboux transformations geometry and modern
applications in soliton theory, Cambridge texts in applied mathematics (Cambridge University
Press 2002).
[5] I. M. Gelfand and B. M. Levitan 1955 Amer. Math. Soc. Trans. 1 253
[6] M. Ablowitz and H. Segur 1981 Solitons and the Inverse Scattering Transform SIAM, Philadel-
phia
[7] S. Lie 1891 Vorlesungen ber Differentialgleichungen mit Bekannten Infinitesimalen Transfor-
mationen (Leipzig: Teuber) (reprinted by Chelsea: New York; 1967)
[8] P. J. Olver 1993 Application of Lie Groups to Differential Equation, Graduate Texts in Math-
ematics, 2nd ed. (NewYork: Springer-Verlag)
[9] G. W. Bluman and S. Kumei 1989 Symmetries and Differential Equation, Appl. Math. Sci.
(Berlin: Springer-Verlag)
[10] X. Y. Tang and S. Y. Lou 2002 Chin. Phys. Lett. 19 1
[11] X. R. Hu, Y. Chen and F. Huang 2010 Chin. Phys. B 19 080203
[12] X. Z. Liu 2010 Chin. Phys. B 19 080202
[13] X. Z. Liu 2010 J. Phys. A: Math. Gen. 43 265203
[14] X. N. Gao, S. Y. Lou and X. Y. Tang 2013 JHEP 05 029
[15] X. R. Hu, S. Y. Lou and Y. Chen 2012 Phys. Rev. E 85 056607
[16] X. P. Xin, Y. Chen 2013 Chin. Phys. Lett. 30(10) 100202
10
[17] S. Y. Lou and X. B. Hu 1997 J. Phys. A: Math. Gen. 30 95
[18] C. W. Caoand X. G. Geng 1990 J. Phys. A: Math. Gen. 23 4117
[19] Y. Cheng and Y. S. Li 1991 Phys. Lett. A 157 22
[20] Y. B. Zeng, W. X. Ma and R. L. Lin 2000 J. Math. Phys. 41 5453
11
